Abstract. We consider the iterates of a generic injective piecewise contraction of the interval defined by a finite family of contractions.
Introduction
We say that f : [0, 1) → [0, 1) is a piecewise contraction (PC) of n intervals if there exist 0 < κ < 1 and a partition of [0, 1) into n intervals I 1 , . . . , I n such that f | I i is κ-Lipschitz for every 1 ≤ i ≤ n.
Much attention has been devoted to injective piecewise contractions of the interval because they appear as Poincaré maps. For instance, Poincaré maps induced by some Cherry flows on transverse intervals are topologically conjugate to injective piecewise contractions (see [8] ). Injective PCs of the interval also arise as Poincaré maps of strange billiards governing switched server systems (see [2, 6, 10] ), and in the study of a certain class of outer billiards (see [9] ).
In [11] , Nogueira and Pires proved that every injective PC f of n intervals has at most n periodic orbits. Here we are concerned with the long-term behavior of the iterates of f . For this purpose we recall two notions of periodicity. A finite set γ ⊆ [0, 1) is a periodic orbit of f if there exist p ∈ [0, 1) and an integer k ≥ 1 such that f k (p) = p and γ = {p, f (p), . . . , f k−1 (p)}. We say that f is asymptotically periodic if there exist an integer r ≥ 1 and periodic orbits γ 1 , . . . , γ r of f such that ω(x) ∈ {γ 1 , . . . , γ r } for every x ∈ [0, 1), where ω(x) = m≥0 k≥m f k (x) is the ω-limit set of x. A weaker notion of periodicity is the following. Let ϕ : [0, 1) → {1, . . . , n} be the piecewise constant function defined by ϕ(x) = i if x ∈ I i . The itinerary of the point x ∈ [0, 1) is the sequence of digits
. We say that the itineraries of f are eventually
. . is eventually periodic for every x ∈ [0, 1). Our main result asserts that generically injective PCs of n intervals are asymptotically periodic and have at least one and at most n periodic orbits, all of them attracting and stable. The existence of PCs without periodic orbits shows that not all piecewise contractions are asymptotically periodic.
In what follows we partition the set of injective PCs of n intervals into subsets C , where each C is determined by a fixed system of n contractive maps of the interval. Let A 1 , . . . , A n be a sequence of pairwise disjoint compact subintervals of (0, 1) and φ i :
x 0 = 0 and x n = 1. Let (x 1 , . . . , x n−1 ) ∈ Ω and let I 1 , . . . , I n be a partition of [0, 1) into subintervals I i having interior (
so its discontinuities are x 1 , . . . , x n−1 and its continuity intervals are I 1 , . . . , I n . We denote by C the set of all maps f x 1 ,...,x n−1 . Notice that 2 n−1 maps are associated to each
A periodic orbit γ of f x 1 ,...,x n−1 is said to be stable if γ ⊆ [0, 1) \ {x 1 , . . . , x n−1 }. Now we are able to state our main result. Theorem 1.1. For almost every (x 1 , . . . , x n−1 ) ∈ Ω, every f x 1 ,...,x n−1 has 1 ≤ r ≤ n stable periodic orbits γ 1 , . . . , γ r such that ω(x) ∈ {γ 1 , . . . , γ r } for every x ∈ [0, 1). We call attention to two articles which are related to our work. In [7] , Gambaudo and Tresser listed all possible itineraries generated by a piecewise contraction f : X 1 ∪ X 2 → X 1 ∪ X 2 , where X i is a complete metric space and f | X i is a contraction for i = 1, 2. Bruin and Deane [5] considered piecewise-linear contractions of R 2 and proved that a large class of these maps are asymptotically periodic. This article is organised in the following way. For the sake of clarity, the proof of Theorem 1.1 is split up into the next two sections. Section 2 includes an alternative proof of [4, Theorem 2.2] whose contents will be essential to Section 3, where we prove our main result. In Section 4 we provide an example of a PC of two intervals without periodic orbit whose itineraries are eventually periodic.
Throughout this article all metrical statements concern the Lebesgue measure.
Eventually periodic itineraries
The first part of the proof of our main theorem leads to the following:
Theorem 2.1. For almost every (x 1 , . . . , x n−1 ) ∈ Ω, the itineraries of every f x 1 ,...,x n−1 are eventually periodic.
If the partition of the interval [0, 1) equals
, then Theorem 2.1 and [4, Theorem 2.2] are equivalent. The approach followed in [4] uses a series of distortion lemmas to estimate the images of the continuity intervals I i by f ∈ C . Here, instead of looking at the images of the partition intervals, we look at the preimages of the discontinuities of f . This approach was motivated by the analysis of the switched server system considered in [6] . It is convenient because it allows to define an expanding piecewise smooth Markov map g : [0, 1] → [0, 1] which is a left inverse of every f ∈ C . Hence, the study of the map g provides some insight into the behaviour of a typical member of C . By the ergodic properties of g given by the Folklore Theorem, its forward orbit x, g(x), g 2 (x), . . . is dense in [0, 1] for almost every x. In terms of C , this means that for almost every (x 1 , . . . , x n−1 ), the backward orbit of f = f x 1 ,...,x n−1 of every discontinuity x i is the dense forward g-orbit of x i until it hits a gap, namely a maximal subinterval in [0, 1) \ f ([0, 1)). Hence f admits an invariant quasi-partition which ensures that the itineraries of f are periodic.
of pairwise disjoint open subintervals of (0, 1) is an invariant quasi-partition under f if the following is satisfied:
Lemma 2.2. If f admits an invariant quasi-partition, then its itineraries are eventually periodic.
be the sequence defined recursively by ℓ k+1 = τ (ℓ k ) for every k ≥ 0, where τ is given by (P 2). It is elementary that the sequence {ℓ k } ∞ k=0 is eventually periodic. By (P 1), there exists a unique map η : {1, . . . , m} → {1, . . . , n} satisfying J ℓ ⊆ I η(ℓ) for every 1 ≤ ℓ ≤ m, thus the sequence {η(ℓ k )} ∞ k=0 is eventually periodic. By definition, the itinerary of any x ∈ J ℓ 0 is the sequence {η(ℓ k )} ∞ k=0 . Now let x ∈ H which is a finite set by (P 1). If O f (x) ⊆ H, then, as f is injective, the orbit of x is periodic, hence its itinerary is periodic. Otherwise, there exist 1 ≤ ℓ 0 ≤ m and k ≥ 1 such that f k (x) ∈ J ℓ 0 . By the above, the itinerary of f k (x) is eventually periodic and so is that of x. This proves the lemma.
Next
In the version below, this property follows automatically from the hypothesis (i) because the partition is finite. A proof of the result can be found in [1, pp. 305-310 ], see also [3] . Let A denote the topological closure of any A ⊆ R. 
(ii) |Dg(x)| ≥ c, for every x in the interior of K i .
Then g has an invariant ergodic probability measure µ equivalent to the Lebesgue measure. 
By construction, g is an expanding piecewise smooth map which satisfies all the conditions of Theorem 2.3 with c = min {c 1 , . . . , c n , c}.
Proof of Theorem 2. Let (x 1 , . . . , x n−1 ) ∈ U, hereafter we will prove that f = f x 1 ,...,x n−1 ∈ C admits an invariant quasi-partition.
We denote by f −1 the inverse of the map x ∈ [0, 1) → f (x) ∈ f ([0, 1)), thus its domain equals f ([0, 1) ). If f −1 can be iterated k ≥ 0 times at x, we denote by f −k (x) the kth
Claim A. The set G has a nonempty interior and G, f (G), f 2 (G), . . . are pairwise disjoint.
As G contains a nonempty open set, there exists q i ≥ 0 such that f −q i (x i ) is in the interior of G or equivalently, x i ∈ f q i (G). Thus x i ∈ S, i.e. x i ∈ W , which is a contradiction.
Claim E. For every 1 ≤ i ≤ n − 1, there exists a unique q i ≥ 0 such that
Claim G. Let J 1 , . . . , J m be the connected components of (0, 1)\∪
is an invariant quasi-partition under f . The collection P is a quasi-partition which fulfills condition (P 1). Let us show that it satisfies condition (P 2). Let 1 ≤ ℓ 0 ≤ m, thus by the definition of J ℓ 0 , {x 1 , . . . , x n−1 } ∩ J ℓ 0 = ∅, which implies that f (J ℓ 0 ) is an open interval. We claim that f (J ℓ 0 ) is contained in the open set m ℓ=1 J ℓ . Suppose that this is false, then f (J ℓ 0 ) ∩ Q i = ∅ for some 1 ≤ i ≤ n − 1. By the injectivity of f ,
which contradicts the definition of P. This proves Claim G.
The proof of Theorem 2.1 now follows from Claim G together with Lemma 2.2.
Asymptotically periodic orbits
We keep the notation used in Section 2. Let (x 1 , . . . , x n−1 ) ∈ U, then the itineraries of f x 1 ,...,x n−1 are eventually periodic, by Theorem 2.1. We will prove bellow that f x 1 ,...,x n−1 is indeed asymptotically periodic for almost every (x 1 , . . . , x n−1 ) ∈ U.
By the definition, 0 < f (x) < 1, for every x ∈ [0, 1). We say that f x 1 ,...,x n−1 ∈ C has a g-connection if there exist 1 ≤ i ≤ n − 1, 0 ≤ j ≤ n and k ≥ 1 such that g k (x i ) = x j .
Lemma 3.1. For almost every (x 1 , . . . , x n−1 ) ∈ Ω, every f x 1 ,...,x n−1 has no g-connection.
is the graph of a smooth function, for every 1 ≤ i, j ≤ n − 1 and k ≥ 1, thus it is a null set. Let
Since g is a finite-to-one map, the set K is countable. Let π i : Ω → [0, 1) be the projection (x 1 , . . . , Proof of Theorem 1.1. Hereafter, assume that f = f x 1 ,...,x n−1 has no g-connection.
Claim H. For every x ∈ ∂G, g(x) ∈ {x 0 , x 1 , . . . , x n }.
The boundary of G equals ∪
. By the definition of g in (2.1), g(0) = 0 = x 0 and g(1) = 1 = x n . Let a, b ∈ ∂f (I i ) with a < b. Without loss of generality, assume that f | I i is increasing, then a = lim ǫ→0+ f (x i−1 + ǫ). Moreover, a ∈ f (I i ) ⊆ A i . By (2.1), g is continuous on A i and g(f (x)) = x for every x ∈ I i , so g(a) = g lim Analogously g(b) = x i which proves Claim H. Claim I. f −k (x i ) = g k (x i ) for every 1 ≤ i ≤ n − 1 and 0 ≤ k ≤ q i . By Claim E, f −k (x i ) is well defined for every 0 ≤ k ≤ q i . By the definition of f −k and Claim C, f −k (x i ) = g k (x i ), which proves Claim I.
Claim J. f −q i (x i ) belongs to the interior of G for every 1 ≤ i ≤ n − 1. By the definition of q i , f −q i (x i ) ∈ G. By contradiction assume f −q i (x i ) ∈ ∂G, then, by Claim H, g (f −q i (x i )) = x j , where 0 ≤ j ≤ n. On the other hand, by Claim I, f −q i (x i ) = g q i (x i ). Therefore, g q i +1 (x i ) = x j which contradicts the fact that f has no g-connection. This proves Claim J.
Claim K. Let q = max {q 1 , . . . , q n−1 } and E be the interior of q k=0 f k (G), then
Let 1 ≤ i ≤ n − 1. If q i = 0, by Claim J, x i belongs to the interior of G which is contained in the open set E. Now assume that q i ≥ 1 and let 1 ≤ k ≤ q i . By Claim I,
